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1. intro L. De Mol

Introduction (1)

= Motivation: The increasing use of the computer in math seems to go
hand-in-hand with growing significance idea “experimentation” in math —
“computers [are] changing the way we do mathematics” (Borwein, 2008)
= Many Questions concerning ‘“computer experiments’” in math
— To what extend is the computer really changing math?
— “What, if anything, is an experiment in mathematics?”
— What kind of knowledge can we expect from computer experiments?
— Difference “computer experiment” and “computer-assisted math”?
— etc
= Approach Tracing “computer experiments” in math in the last 60 years

to provide insight in some of the fundamental questions — Start from what

mathematicians themselves consider as “experimental math”

Note: Research in Progress! Snapshot of the history of computer-assisted

experiments in math
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1. intro L. De Mol

Introduction (2): Detailed approach

= Guiding principle: “material” and “social” changes on the macro level (rel-
ative):
— Increase in speed and memory
— input-output devices
— Programming: languages, software and user interfaces
— miniaturization (vacuiim tube, transistor, chip)

— availability and knowledge of computer (computer time)

= to understand changes on the level of:

— Mathematician(s)-computer(s) interactions: distribution of information

and “responsibility”

* Tools of storage of information: how is the (distributed) information
during “experimentation” stored, where is it located and how is it
distributed (in time and space)?

* Processing of information: who processes and “creates” the informa-
tion during “experimentation” and what are the main methods/approaches
used during experimentation?

= Major concepts: “internalization” and “time-squeezing”

— The views, goals and expectancies of the mathematicians
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1. intro L. De Mol

Introduction (2): Detailed approach
= Study through concrete cases in the short history of com-
puters and math

e Case I: The ENIAC experience: Lehmer and von Neumann (1946-50)

e Case II: Mandelbrot and his set (1979-80)

e Case III: Brady and Busy Beavers (1966, 1983)

e (Short) Case IV: Wolfram, Mathematica and “A new kind of science”
= Note 1: Gap between Case I and II-V

= Note 2: Selection of the cases — “good” examples related to “new” develop-

ments on the macro level
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

Case I: The ENIAC experience: Lehmer and von
Neumann

Third workshop Philosophy of Information, Brussels 7



Case I: The ENIAC experience: Lehmer and von Neumann

The behemoth ENIAC

Speed addition time of 1/5000 second (revolutionary at that time!) / 0.5
seconds card reading, 0.6 seconds card printing + ENIAC1: parallelism

Memory a constant transmitter (4 signs and 20 digits); 3 function tables
3 X 104 signed values; punched card input through CT

Arithmetic units 20 accumulators (20 signed 10-digit numbers)

i/o an IBM punched card reader and printer and a punch-card printer +
IBM tabulator

Programming “branching” + Local programming method: “The ENIAC
was a son-of-a-bitch to program” (Jean Bartik) — externalized programs;

more than just a “big” calculator

Miniaturization 18.000 vacuum tubes; 1.500 relays and 40 panels to form
30 units

Availability and knowledge Security clearance required to access com-

puter — highly restricted access to some happy few

“The original “direct programmaing” recabling method can best be
described as analogous to the design and development of a special-

purpose computer out of ENIAC component parts for each new ap-
plication [...] 7 (Fritz, 1994)

Third workshop Philosophy of Information, Brussels

L. De Mol



Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

“Johny”, ENIAC and the normality of 7 and e.
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

“Johny”, ENIAC and the normality of 7 and e. Context

Anyone who considers arithmetical methods of producing random digits

18, of course, in a state of sin. von Neumann, 1949

e Stan Ulam — idea of using the “Monte Carlo” method for “computer simu-
lations” (“numerical models”) in nuclear physics — picked up by von Neu-
mann: “The statistical approach is very well suited to a digital treatment”
— a need for random numbers — VN’s middle square method + external

representation of random decisions on “neutron” punched cards

e “Early in June, 1949, Professor John von Neumann expressed an interest in
the possibility that the ENIAC might sometime be employed to determine
the value of m and e to many decimal places with a view toward obtaining
a statistical measure of the randomness of distribution of the digits |...]
Further interest in the project on m was expressed in July by Dr. Nicholas
Metropolis [...]” (Reitwiesner, 1950)
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

How was ENIAC used to compute m and e?

e Time issues “Since the possibility of official time was too remote for con-
sideration, permission was obtained to execute these projects during two

summer holiday week ends when the ENIAC would otherwise stand idle”

e = Z(n!)_1
n=0

w/4 = 4 arctan 1/5 — arctan 1/239

o
arctan x = Z(—l)"’(?n + 1) Lg2ntl

n=0

e Computation cut into pieces of intervals of digits of m and e
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

How was ENIAC used to compute m and e?

e Possibility of error: “In order to insure absolute digital accuracy, the
programming was arranged so that one half applied to computation and
the other half to checking. Before any deck of cards was employed to deter-
mine the next ¢ digits, the cards were reversed and employed in the checking
sequence to each division by a multiplication and each adition by a subtrac-
tion and vice versa [...]”

The ENTAC determinations of both 7 and e confirm the [previously made]

808-place determination[s] of e and

e External/human exploration The relevant fact about the distribution
lof digits in e] appears upon direct inspection. [IJn order to see how this
peculiar phenomenon develops as n increases to 2000, [the relevant statisti-
cal data] have been determined for smaller values of n. These numbers show
that the abnormally low value of p, which is so conspicuous at n = 2000
does not develop gradually, but makes its appearance quite suddenly around
n = 1900. Up to that point, p,, oscillates considerably and has a decreasing
trend, but at n = 2000 there is a sudden dip. [T]hus something num-

ber)theoretically significant may be occurring at about n = 2000”
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Case I: The ENIAC experience: Lehmer and von Neumann

L. De Mol

* = 3.14159
58209
82148
48111
44288
45648
72458
78925
33057
07446
98336
60943
00056
14684
42019
51870
50244
71010
59825
18577
38095
03530
55748
81754
85836
94482
93313
25338
67823
55706
32116
63698
81647
16136
45477
56887
82796
73929
06744
46776
94657

26535
74944
08651
74502
10975
56692
70066
90360
27036
23799
73362
70277
81271
40901
95611
72113
59455
00313
34904
80532
25720
18529
57242
63746
16035
55379
67702
24300
54781
74983
53449
07426
06001
11573
62416
67179
79766
84896
27862
46575
64078

89793
59230
32823
84102
66593
34603
06315
01133
57595
62749
44065
05392
45263
22495
21290
49999
34690
78387
28755
17122
10654
68995
45415
49393
63707
17472
89891
35587
63600
85054
87202
54252
61452
52552
86251
04946
81454
08412
20391
73962
95126

23846
78164
06647
70193
34461
48610
58817
05305
91953
56735
66430
17176
56082
34301
21960
99837
83026
52886
46873
68066
85863
77362
06959
19255
66010
68471
52104
64024
93417
94588
75596
78625
49192
13347
89835
01653
10095
84886
94945
41389
94683

Figure 1: The first 2035 digits of 7

Research Laboratory.

26433
06286
09384
85211
28475
45432
48815
48820
09218
18857
86021
29317
771857
46549
86403
29780
42522
58753
11595
13001
27886
25994
50829
06040
47101
04047
75216
74964
21641
58692
02364
51818
17321
57418
69485
46680
38837
26945
04712
08658
98352

83279
20899
46095
05559
64823
66482
20920
46652
61173
52724
39494
67523
71342
58537
44181
49951
30825
32083
62863
92787
59361
13891
53311
09277
81942
53464
20569
73263
21992
69956
80665
41757
72147
49468
56209
49886
86360
60424
37137
32645
59570

50288
86280
50582
64462
37867
13393
96282
13841
81932
89122
63952
84674
75778
10507
59813
05973
33446
81420
88235
66111
53381
24972
68617
01671
95559
62080
66024
91419
45863
90927
49911
46728
72350
43852
92192
27232
95068
19652
86960
99581
98258

41971
34825
23172
29489
83165
60726
92540
46951
61179
79381
24737
81846
96091
92279
62977
17328
85035
61717
37875
95909
82796
17752
27855
13900
61989
46684
05803
92726
15030
21079
98818
90977
14144
33239
22184
79178
00642
85022
95636
33904

69399
34211
53594
54930
27120
02491
91715
94151
31051
83011
19070
76694
73637
68925
47713
16096
26193
76691
93751
21642
82303
83479
88907
98488
46767
25906
81501
04269
28618
75093
34797
77279
19735
07394
27255
60857
25125
21066
43719
78027

37510
70679
08128
38196
19091
41273
36436
16094
18548
94912
21798
05132
17872
89235
09960
31859
11881
47303
95778
01989
01952
13151
50983
24012
83744
94912
93511
92279
29745
02955
75356
38000
68548
14333
02542
84383
20511
11863
17287
59009

computed by the ENIAC, at the Ballistics
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

Lehmer and the first extensive number-theoretical
computation on the ENIAC (Joint work with M. Bullynck)
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Case I: The ENIAC experience: Lehmer and von Neumann

L. De Mol

Lehmer and the first extensive number-theoretical compu-
tation on the ENIAC

“[Lehmer| had programmed the problem and run it on ENIAC, with J.
Mauchly serving as “computer operator”, during the three-day weekend of
July 4, 1946. The running time of the problem occupied almost the
entire weekend, around the clock, without a single interruption or
malfunction. It was the most stringent performance test applied
up to that time, and would be an impressive one even today.”
(Alt, 1972)

“I think what’s particularly interesting about the number theory problem
they ran was that this was a difficult enough problem that it attracted the
attention of some mathematicians who could say, yes, an electronic com-
puter could actually do an interesting problem in number theory”

(Alt, 2006)

A special case of the converse of Fermat’s little theorem

Theorem 1 Ifn divides 2™ — 2 then n is a prime
Goal I Testing the machine
Goal II Finding composite numbers to generate tables of primes

Goal III Exploration of prime number tables in number theory

Third workshop Philosophy of Information, Brussels
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

How was ENIAC used to compute composite numbers?

e The ENIAC was used to determine a list of exponents e of 2 mod p, i.e., the

least value of n such that 2™ = 1 mod p with p prime
e These exponents can be used to determine composite numbers of the form

2P9 — 2 through the theorem:

Theorem 2 If p and q are odd distinct primes, then 2P9 — 2 1is divisible by
pq if and only if p - 1 1s divisible by the exponent to which 2 belongs modulo
q and q - 1 1s divisible by the exponent to which 2 belongs modulo p

e Compute small numbers to compute big numbers

e A sieve was implemented on the ENIAC to determine primes relative to the
first 15 primes, thus making use of the ENIAC’s parallelism. The last prime
p processed, after 111 hours of computing time, was p = 4, 538, 791

e Eratosthenes’s Sieve:

1 0

1 0 1 0 1 0 1
1 1 0 1

1 0 1 1 O
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Case I: The ENIAC experience: Lehmer and von Neumann

L. De Mol

How was ENIAC used to compute composite numbers?

e Computing from the machine’s point of view “The method used by
the ENIAC to find the exponent of 2 modulo p differs greatly from the one

used by human computer” (Lehmer, 1949)
“In contrast, the ENIAC was instructed to take an “idiot” approach”

' =2,T'4+1 = .
I'n +1I'y, —p otherwise

Only in the second case can I';, 41 be equal to 1. Hence this delicate ex-

ponential question in finding e(p) can be handled with only one addition,

subtraction, and discrimination at a time cost, practically independent of

p, of about 2 seconds per prime. This is less time than it takes to

copy down the value of p and in those days this was sensational.”

(Lehmer, 1974)

e Internalization and heuristic program “The “next value of p” [i.e.

the

next prime] presents an interesting problem to the ENTAC. [Circumstances]

prevented the introduction [of] punched cards. [...] This means that the

ENIAC should somehow compute its own values of p. To this effect a

“sieve” was set up which screened out all numbers having a prime factor

< 47. [Else there is a need for] “much outside information [introduced] via

punched cards [...] to be prepared by hand in advance” + 25 out of 11336

eliminated by hand

Third workshop Philosophy of Information, Brussels
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

How was ENIAC used to compute composite numbers?

e Lehmer’s little problems, they were always too big for it. So consequently,
you always had to be changing it or to think of something new and innovative
in order to get a problem or ways that you could break the problem down

into smaller portions. (Jean Bartik, 1973)

e External/human processing “The list of exponents furnished by ENTAC
is sufficient for the extension of the table of composite numbers n dividing
2" — 2 to 10° and beyond. However the list presented herewith extends
only from 108 to 2 x 108. The labor of producing these composite
numbers is still considerable.”
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

Distribution of (processing and tools of) information? Dis-
crepancy between speed processing vs. retrieval and storage; restrictions on
programmability (no intermediary language), processing power and memory (ex-
ternal storage and retrieval) and availability

e (Processing) one long computation put on ENIAC, without “responsive in-
teractions” — extra tests by hand; major part of interpretation or further

manipulation of information by hand.

e (Processing): Multi-purpose machine: centralization of different kinds of

computations

e (Processing) Need for “computations” from the machine’s point of view

(speed and “machine thinking”)

e (Processing and Storage) call-by-value-method: eg Lehmer’s sieve; internal-
ized random number generator: partial internalization of processes

e Storage Data during and after computation externally stored on slow punched
cards — need for human intervention (reversal of the cards)

= Discontinuous process of “experimentation” Separated phases of the
experiment distributed over human and machine

= Info from experiment are/must be humanly practical

= BUT: The ENIAC experience: programmability and “time squeezing” — a
gathering of different mathematician-machine meetings

Third workshop Philosophy of Information, Brussels
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

The views of von Neumann on “computer experiments” in
math

e The computer instead of physical explorative experiments “In pure
mathematics the really powerful methods are only effective when one already
has some intuitive connection with the subject, when one already has [some]
intuitive insight. [T]here are large areas in pure mathematics where we
are blocked by a peculiar interrelation of rigor and intuitive insight, each
of which is needed for the other, and where the unmathematical process
of experimentation with physical problems has pro- duced almost the only
progress. [Clomputing, which is not too mathematical either in the
traditional sense but is still closer to the central area of mathemat-
ics than this sort of experimentation is, might be a more flexible
and more adequate tool in these areas than experimentation”

e Human practicality of the information “The reason for using fast com-
puting machines is not that you want to produce a lot of information.
[W]herever there may be bottlenecks in the automatic arrange-
ment which produces and processes this information, there is a
worse bottleneck at the human intellect into which the informa-
tion ultimately seeps. The really difficult problems are of such a nature
that the number of data which enter is quite small. All you may want to

know is a few numbers, which give a rough curve, or one number. All you
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

may [is] a yes or a no,”
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

The views of Lehmer on “computer experiments” in math

e The computer as a means to explore number theory “[T]he most
important influence of the machines on mathematics should lie in the oppor-
tunities that exist for applying the experimental method to mathematics.
[...] Many a young Ph.D. student in mathematics has written his disserta-
tion about a class of objects without ever having seen one of the objects at
close range. There exists a distinct possibility that the new machines will
be used in some cases to explore the terrain that has been staked out so
freely and that something worth proving will be discovered in the rapidly
expanding universe of mathematics.”

e Lehmer’s classification of human-machine mathematics

— Searching for counterexamples

— Verification and exploration of cases of a proposition to find ideas for a
proof (or formulate support for conjecture)

— Construction and inspection of tables: “Not only is the publication
of such tables impossible; even the inspection is well beyond human
capability. It soon becomes apparent that it should be the machine’s
responsibility to make this inspection”

— Verification of a large number of cases = Lehmer’s version of “true”
theorem proving
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Case I: The ENIAC experience: Lehmer and von Neumann L. De Mol

The views of Lehmer on “computer experiments” in math
Humanly impractical problems “In casting about for genuine theorems the
proofs of which will tax the powers of a human being, we want to exploit
the speed of the machine. This means that the proof must mvolve many
thousands of steps all sufficiently different so that the outcome cannot
be forecast. We must also exploit those features of the logical system of the
machine that permit it to supervise and organize its own program. We
should make it proceed in an unpredictable way by laying its own
track ahead of it like a caterpillar tractor. At the same time it should keep
a record of where it has been, so that it can return at a previous point and branch
out along another path whenever it decides that this s necessary. Humans find

this kind of work difficult even when it occurs in only moderate amounts.”
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Case II: Mandelbrot and his set L. De Mol

Case II: Mandelbrot and his set
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Case II: Mandelbrot and his set L. De Mol

DEC-VAX-11/780 (“star”)

e Follow up of the PDP-11. Release dat: October 25, 1977; first one installed
at CERN

e Speed 3.4 MhZ (106 herz); 500,000,000 instructions/second
e Memory From 128kb up to 8 MB static memory! 1MB static and 4k ram
e Miniaturization Tektronix terminal, versatec printer

e Programming VMS operating system (“starlet”), with GUI and graph-

ics support (!); support for multiple programming languages (FORTRAN,
COBOL, BASIC? PASCAL, etc)

e Miniaturization Transistors

e Availability and knowledge $200,000 (sold until 1988); wider availability
for universities and firms: “In 1980, the programming skills and minimal
computer power needed to produce some kind of picture were widely avail-
able to anyone who asked. In terms of exploratory research, everyone was
in the same boat. [W]e could only work at night when we had only one
competitor for the machine, chemist Martin Kaplus” (Mandelbrot, 2004)”
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Case II: Mandelbrot and his set L. De Mol

Case II: Mandelbrot and his set

e Late 70s interested in the theory of rational maps of the complex plane
(knowledge of work by Fatou and Julia) — “playing around” with quadratic
Julia sets defined through iteration z — 22 + ¢, ¢,z € C

Ee={20:|zn| = 0}, 2n =22 | +¢

P.={z0:20 &€ Ec — o0}

Julia set for c is the boundary of E..

Fundamental dichotomy for Julia sets: connected and disconnected sets.

e For certain ¢, some points z always converge to a finite stable cycle of size

n — attempt to classify Julia sets according to n (only connected sets!)

e Fact: The prisoner set P, for z — 22 + ¢ is connected iff the orbit 0 — ¢ —

2 — ¢2 4+ ¢ — ... remains bounded.

e 1980: Exploration of the map ¢ — ¢® + ¢

e T'he Mandelbrot set:

M = {c € C|c = ¢* — ¢® + ¢ — ...remains bounded}
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Case II: Mandelbrot and his set

L. De Mol

Case II: Mandelbrot and his set
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Figure 2: A connected and a disconnected Julia set
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Case II: Mandelbrot and his set

L. De Mol

From seeing and knowing to discovering and results (1)

— Exploration that resulted in several conjectures and (ultimately) proofs

e M as a road map for Julia sets: Classification of Julia sets with stable finite

cycles n as smaller and smaller “sprouts” of M

Connection between left-side of the cardioid and period-doubling bifurca-

tions

Apparent “specks of dirt” on print-out are “real” — zoom-in reveal “is-
land whose shape is like that of M, except for a non-linear deformation.

Each island is, in turn, accompanied by sub-islands, doubtless ad infini-
tum” (Mandelbrot, 1980)

Julia sets with ¢’s in specks of dirt 4+ connectedness of these J-sets + theory

of bifurcation: Conjecture M as a connected set (proven in 1982 — Douady
& Hubbard)

Observation: the hieroglyphic characer of M: “it includes within itself a

whole deformed collection of miniature versions of all the Julia sets

Observation self-similarity — Conjecture fractal dimension M = 2 (proven
in 1991, Shishikura)

Third workshop Philosophy of Information, Brussels
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Case II: Mandelbrot and his set L. De Mol

From seeing and knowing to discovering and results (2)

Possibility of machine error, intuition and knowl-
edge “early originals looked awful: filled with appar-
ent specks of dust that the Versatic rpinter produced
[T]his complicated matters. But for the skilled, metic-

g
‘f : ulous, and tireless observer that I was, mess was not
a reason to complain but a reason to be particularly
ds g attentive”
Mii | “By a theorem Julia and Fatou, those Julia sets are
. connected. Therefore the broken-up appearances is
necessarily due to the discrete variables used in computation. These graphs were
important to my thinking because they sufficed to show hat the broken-up earlier
early M set pictures were compatible with connectedness”
Machine-aided, human-directed exploration “When seeking new insights,
I look, look, look and play with many pictures (One picture is never enough)”
“Incidentally, a picture is like a reading of a scientific instrument. One reading
is never enough. Neither is one picture. More precisely, my discoveries of new
mathematical conjectures relied greatly on the quality of visual analysis and little
on the quality of the pictures”
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Case II: Mandelbrot and his set

L. De Mol

Distribution of (processing and tools of) information? In-

creased speed and memory; stored programming + programming language; (clumsy)

printing devices

(Storage) Internal storage of thousands of “data”

(Processing) Internal machine “processing/translation” of “low-level” data
to humanly practical format, i.e., graphical picture of M

(Processing) Development of efficient machine-adapted visualization tech-
niques — encirclement of M — iteration on internally stored information

(“Processing”) Terminology and concepts directly inspired by pictures —
result of interfacing between human and machine “processing” — pictures

as an interface

“low-level” data are no longer humanly practical — internal machine com-

putations “represented” in a humanly digestible way.

“Time squeezing’: Many smaller “experiments” and the flow of informa-
tions during this process of “experimentation” squeezed in a “reasonable”
time-frame — increased involvement with the machine ( &~ “real-time” ma-

nipulations of the M-set)

More “continuous” process of human-machine “experimentation”

Increased interaction during the “experiment”: mixing of computation,

exploration and interpretation in a process
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Case II: Mandelbrot and his set

L. De Mol

Mandelbrot and his set (1980)

Mandelbrot’s views

My goal [with my 1980 paper on M| was to revive experimental mathematics

by reporting observations triggering new mathematics”

“A discovery is made when the tools [...] are available to an individual with
the motivation, acuity, and inspiration to use them, and I was motivated to

sniff out the ramifications of those speck of dirt”

“The ‘fate’ that drove me to revive the theory of iteration, first chose me
to reinvent the role of the eye in a field, mathematics, where it and
explicit computation had become anathema, about as unwelcome as they

could possibly be”

“The interest that many mathematicians took in my observations/conjectures
concerning the Mandelbrot set represented an historical change and a re-

turn to a far less ideological view of their craft.”

~ Lehmer: “Yesterday, “generality at all cost” was in the saddle. Today,
“special” problems are more readily recognized as compelling.”
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Case III: Brady and Busy Beavers L. De Mol

Case 1II: Brady and Busy Beavers
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Progress of the computation jstate-trajectary) of a 3-state busy beaver
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Case 11I: Brady and Busy Beavers L. De Mol

Case III: Brady and Busy Beavers.

Machine used? “A Turing machine simulator written in a machine inde-

pendent form of BASIC is available from the author upon request”

The Busy Beaver problem Determine for any class of Turing machines TM(m, 2)
with m states and 2 symbols the maximum number of 1s 3(m) respectively the
maximum number of computation steps S(m) left on the tape by some T €
TM(m,2) that halts when started from a blank tape. First formulated and
proven recursively unsolvable by Rado, 1962.

= Early on, computer-assisted studies and proofs (!) of the Busy Beaver prob-
lem for particular m:

Some results

e S(2) =4,%(2) =2, Rddo (1962)
e S(3) =21,%(3) =6, Rddo and Lin (1965)

e S(4) = 107,3(4) = 13, Brady (1983) and Kopp (cited by Machlin and
Kopp/Stout (1990))

e S(5) =747,176,870,3>(5) =74098, Marxen and Buntrock (1990)
o S(6) =2.5x 102879%(6) > 4.6 x 101439, Terry and Shawn Ligocki (2007)

Third workshop Philosophy of Information, Brussels 36



Case 11I: Brady and Busy Beavers L. De Mol

Computing Busy Beavers (1) (Brady, 1966)

e Notation instruction: (state, number read, number printed, move left /right,
next state)

e The number n of Turing machines T' € T(m,2): n = (4m + 1)?™,m =
4,n = 6,975,757, 441

e Approach: Determine the set of halting machines by reducing the number
of “hold-outs” to O.

e Brady’s 1966 reduction to 5820 hold-out: Tree normalization and backtrack-
ing
1. Eliminate machines for which (1, 0, 1/0, L./R, halt); idem for (1, 0, 1/0,
R/L, 1)
2. Exclude the symmetrical left-right machines and retain the right-left

machines (or vice versa).

3. Generalization idea 1 (backtracking): prove that machine is in infinite
loop by showing with backtracking that halting state cannot be reached
— Generation of instructions as they are needed (e.g.: (1, 0, 1, R,2),

only 8 out of the 16 possible next instructions need to be generated .
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Case 11I: Brady and Busy Beavers L. De Mol

Computing Busy Beavers (2) (Brady, 1983)
= Heuristic and experimental process of Identification (through exploration
of hundreds of printouts) and automated detection of several types of infinite

loops.

3820 Deiginal Holdous

119 — [ NHAKY| 102 — | QL NTERY | e — | UNKENOWNY |
— T
nRxX2 I BhA. .| BRFYX l\
/ . .
— - i
404 Eh 144 4T
N R B S
BHSHAD i BRLM REALTX ‘ NEALTY
— . ' —
47 Hulilmiga 13 T Holdoues
nn ALTA BBALTXNI
174 — | Yo Effcet |
| S—
FBAL[\I BB(M |
-
i

ﬂ Huldauis 156 Huldoins

= “[I]t must be remembered that the filtering [BBFILT] was a heuristic tech-
nique based upon experimental observation.” — tentative classification based on
the rate at which new squares are visited

= Unpredictability and the need of making decisions in finite time = 218 re-
maining holdouts: “examined by means of voluminous printouts of their histories
along with some program extracted features”: discovery of a new loop: “Tail-

eating dragons”
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Case 11I: Brady and Busy Beavers L. De Mol

Computing Busy Beavers (3)

e Many different programs internalized: “More than 18 other programs were
written, for various housekeeping purposes, simulating and displaying ma-
chine behavior, exploring other reduction and filtering possibilities etc. In
all, at least 53 files were created and maintained for the project. Keeping
track of what resembled a large scientific experiment became a major task

in itself.”

e The problem of error “While not all of the exploratory activities are re-
producible, the runs [can] be reproduced, so that by utilizing the techniques
described in this paper the proof can be corroborated. [...] Proofs of “cor-
rectness” of the programs used are not practical. Independent verification

is the only means we currently have at our disposal.”
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Case 11I: Brady and Busy Beavers

L. De Mol

Distribution of (processing and tools of) information?
Increased speed and memory; portable programming language; (clumsy) printing

devices

(Processing and external Storage) “processing/translation” of simulated
Turing machine behavior on display and print-out

(Processing and Storage) Information that flows through Brady’s flowchart
of flowcharts

(Processing) The machine does not do one thing (eg visualizing aspects of
M) but many different things: Lehmer’s flowchart vs. Brady’s flowchart of

flowcharts

(Processing) Significant Internalized inspection and exploration of TM-behavior

(human impracticality) — part of the proof is necessarily “unknown” (= un-
surveyability) < “seeing” and “hearing” the computations of ENIAC

(“Processing”) Terminology and concepts directly inspired by human-made
inspection of the print-outs

Continuous and integrated process of human-machine “experi-
mentation”: Exploratory activities distributed between human and ma-

chine.

Increased interaction and time-squeezing Intertwinement of human
and machine contribution. Proof within the interaction — Towards a human-
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Case III: Brady and Busy Beavers L. De Mol

computer collaboration
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(Short) Case IV: Wolfram, Mathematica and a “new kind of science” L. De Mol

(Short) Case I'V: Wolfram, Mathematica and a “new
kind of science”
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(Short) Case IV: Wolfram, Mathematica and a “new kind of science” L. De Mol

(Short) Case IV: Wolfram, Mathematica and a “new kind
of science” (1984-1988)

e Machine used? the C language computer program;“CA: an interactive
cellular automaton simulator for the Sun Workstation and VAX”; Connec-

tion Machine computers;...

e Some technical (observational) results: four classes of behavior; con-
jecture universality rule 110 (“This paper covers a broad area, and includes
many conjectures and tentative results. It is not intended as a rigorous

mathematical treatment.” ); random number generator based on rule 30

e Complex behavior simple programs: “It is remarkable that such a
simple system [rule 30| can give rise to such complexity. But it is in keep-
ing with the observation that mathematical systems with few axioms, or
computers with few intrinsic instructions, can lead to essentially arbitrary
complexity. And it seems likely that the mathematical mechanisms at work

are also responsible for much of the randomness and chaos seen in nature.”

e Complexity in physics Undecidability and intractability in physics: “It
is the thesis of this paper that [problems of computational irreducibility]

are in fact common

= Before Mathematica: Most of the basic results on CA already found
= Start development of a general theory inspired by computer science
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(Short) Case IV: Wolfram, Mathematica and a “new kind of science” L. De Mol

(Short) Case IV: Wolfram, Mathematica and a “new kind
of science” (1988-—now)

e Mathematica (1988): "I first conceived of Mathematica because I needed
it myself”

e “[T]he visionary concept of Mathematica was to create once and for all a
single system that could handle all the various aspects of technical

computing—and beyond—in a coherent and unified way.”

e 2002: the long-awaited publication of “A new kind of science”, based on
theory of cellular automata as models for physical systems. Main method:

“computer-based models and experiments”

e Connection Mathematica and “A new kind of science”?

~ Maple and “Mathematics by Experiment” (Borwein and Bailey, 2004)
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(Short) Case IV: Wolfram, Mathematica and a “new kind of science” L. De Mol

(Short) Case IV: Wolfram, Mathematica and a “new kind
of science” (1988-now)

What is the significance of software like Mathematica and Maple for the develop-
ment of “experimental mathematics”? (See e.g. Sorensen, 2010: fact-gathering

vs. interactive exploration)

e ‘“interactive exploration” is not the sole domain of Maple or Mathematica

(See Cases)

e Significance from the perspective of information distribution, “internaliza-

tion” and “time squeezing”

= (Processing) Pre-programmed internalization and centralization of differ-
ent aspects of “experimentation”: statistical tools, graphics tools, special

algorithms (user-friendliness)

= Time-squeezing No wasting time on programming the tools; “real-time”

manipulations and computations
= More continuous and integrated human-machine experiments

= Increased (faster) interaction Possibility of more “direct” interaction
with the emulated/simulated objects studied.

= Wider accessibility and integration of knowledge: development of “general”

and “integrated” theories
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Discussion L. De Mol

Discussion
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Discussion L. De Mol

Discussion

e From the “behemoth” ENTAC to Mathematica/Maple: process of changing
mathematician-machine interactions in terms of changing distribution of
informations induced by macro-developments: from a discontinuous process
of computer-assisted experimentation to a more continuous and integrated

one

e (From a micro perspective) Change on the level of the method of experi-
mentation: not one “smaller” experiment but many “phases” and “aspects”
of experimentation integrated into one (“time squeezing” and “internaliza-

tion”)
e Changing views “experimental mathematicians”?

= ‘“time-squeezing”’ and “internalization”: the “revolution” that started
q g

with ENITAC
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Discussion L. De Mol

Discussion: Many questions, thoughts...

= Distributed computing? The internet? Social aspects of math and comput-
ing (mailing, blogs, publishing, etc)

= A(n) (computer) experiment in math?? Mathematical (computer) ex-
periment # computation: Explicit integration of “pure” computations (“na-
ture”) with exploration, concept-formation, conjecturing, etc and heuristic
and probabilistic programming = Not reasoning with but in computer
experiment

= To what extend is the computer really changing math?” What is the

N4

difference between e.g. Brady’s “explorations” and Gauss’ “explorations”?

= “Progress” and the necessity of hiding the “source”? = Heidegger

= A “paradox” of mathematician-computer interactions? Growing
distances between mathematician and physical computer and time-squeezing
results in more direct and intertwined interactions that reflect upon our
thinking on “experimental math”

= “In any event, whenever [the| stage [of high baroque]| is reached [in mathe-
matics|, the only remedy seems to me to be the rejuvenating return to the
source: the reinjection of more or less directly empirical ideas.”
(Von Neumann, 1947) = reinjection of time into mathematics as a funda-
mental question for computer-assisted math?
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