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Central Problem

Answer the question:

What are “actual” / “all-things-
considered” / “proper” / etc. obligations

given: Oa, O—|a’,Ob,O(a|c),. X
» a set of norms
a,d,...

» (optionally) a set of facts (an )
- g e o

» (optionally) a set of constraints

Problem: There may be
conflicts/inconsistencies.




Input:

Obligations

Constraints

a

a/

b

—(and)




Obligations Constraints
Input: a —(ana)

a/

b

/N

Consistent chunks: a, b
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Obligations

Constraints

Input: a
a/

b

Consistent chunks:

/

anb,
aV b,
ava

Further reasoning:

What to do with the chunks?

—(ana)
a, b




Obligations Constraints

Input: a —(aAd)
a/

b
Consistent chunks:

| |

anb,
Further reasoning: aV b,

ava

What to do with the chunks?

> intersection



Obligations Constraints

Input: a —(ana)
a/

b
Consistent chunks:

| |

anb,
Further reasoning: aV b,

ava
What to do with the chunks?
> intersection

> union




» back to 10

Obligations  Facts
Input: (a, b) a

(a,¢)
(b’ _‘C)
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» back to 10

Obligations  Facts
Input: (a, b)

(a, C)
(b, —c)

. _ (a, b), (a, b), (a, c),
Consistent chunks: (b, —c)
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Obligations Facts

Input: (2,5) ?
(a, )
(b, —c)

. | (a, b), (a, b),
Consistent chunks: (b, —c)
b, —c,
bV c

Further reasoning:

N

Cl
bV c
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Input:

Consistent chunks:

Further reasoning:

(a, b),
(a,c)

|

» back to 10

Obligations  Facts
(a,b) a
(a;c)

(bv _'C)
(a, b), (a, c),
(b,—c) (b, —c)

b, —c, c,

bV c bV c




» flat normative/knowledge/etc. base
» Rescher-Manor, Horty
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» flat normative/knowledge/etc. base
» Rescher-Manor, Horty

» conditional normative/knowledge/etc. base

> Input/Output logic (Makinson, Van Der Torre)

lack of proof theory

Dae
5/29
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explicit obligation .

Idea: apply actual” obligation

If O then O.

“as much as possible”.

Monadic case:
If #OA then OA.
Dyadic case:

If «O(A, B) then O(A, B).
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Adaptive logic in the standard format

1 [ Lower Limit Logic J

supraclassical core logic (reflexive, monotonic, transitive)

2_[ Abnormalities j

characterized by a logical form, in our case

Q={eOA—=0| O is an O-formula}

3 [ Strategy J

e.g., minimal abnormality and reliability
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The Lower Limit Logic for the Monadic Case

» classical connectives A,V, D, =, —
» deontic operator O: e.g., KD-operator
> no nestings
» a modal operator [J for constraints: e.g., K-operator
» “explicitness” operator e
» where OA is well-formed, so is ¢OA

» “Ought-implies-can”: - [JA D =0-A
» classical propositional logic

> e isa “dummy”
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Adaptive Proofs

A line: formula condition

I AAB r....I's R A

line-

justification
number

Conditional rule:

Al Aq
If A1,...,An FLL BV Dab (A): :
1 LLL ) A A
add new B Ay U...UA,UA
condition

collect
abnormalities



A WN R

e0a
YeFl
eQOc
O-(and)

PREM
PREM
PREM
PREM

premise introduction

SRR SSER SRS
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gl w N

03 PREM 0
(YOF% PREM 0
eOc PREM 0
O-(and) PREM 0
Oa 1; RC {e#0a A =0a}

Note: eOa L OaV (eOa A —-0a)
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SOl W N

eQa PREM
JOFL PREM
eOc PREM
O-(and) PREM
Oa 1: RC
O(av a) 5 RU

unconditional

SIS SRS

{#0a A =0a}
{e#0a A =0a}

rule

Recall: O is KD-modality

If A1,..., A, FL B then

Al A

B AjU...UA,

10/29



O NO OB WN

eQa PREM
JOFL PREM
eOc PREM
O-(and) PREM
Oa 1: RC
O(avV d) 5 RU
04 2: RC
O(av d) 7, RU

SIS SRS

{#0a A =0a}
{e#0a A =0a}
{e0a' A =04’}
{e0d' A =04’}

analogous to lines 5 and 6
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1 0a PREM 0

2 04 PREM 0

3 e0c PREM 0

4 O-(and) PREM 0

5 Oa 1; RC {#0a A =0a}
6 O(aVva) 5 RU {e#0a A —0a}
7 04 2; RC {e0a' A =04’}
8 O(avd) 7, RU {002’ A =04’}
9 lavl!d 12,4, RU 0

oA *
1A =4 ¢«OA A —-OA
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1 e0asa PREM 0

2 04 PREM 0

3 e0c PREM 0

4 [O-(and) PREM 0

5 Oa 1; RC {e0Oa A —0a}
6 O(aVva) 5 RU {e#0a A —0a}
7 04 2; RC {e0ad' A =04’}
8 O(avVva) 7, RU {e0a' A =04’}
9 lavld 12,4, RU 0

» One of our assumptions is false! We need a retraction
mechanism.
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1 0a PREM 0

2 04 PREM 0

3 e0c PREM 0

4 [O-(and) PREM 0

5 Oa 1, RC {e0a A —0a}
6 O(aVva) 5, RU {e0a A —0a}
7 04 2; RC {e0a' A =04’}
8 O(ava) 7, RU {e0a' A =04’}
9 lavld 124, RU 0

» One of our assumptions is false! We need a retraction

mechanism.

» marking of lines which are retracted
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1 0a PREM 0

2 04 PREM 0

3 e0c PREM 0

4 [O-(and) PREM 0

5 Oa 1; RC {#0a A =0a}
6 O(aVva) 5 RU {e#0a A —0a}
7 04 2; RC {e0a' A =04’}
8 O(ava) 7, RU {e0a' A =04’}
9 lavl!d 1,2,4;,RU 0

One of our assumptions is false! We need a retraction

mechanism.

marking of lines which are retracted

determined by the minimal disjunctions of abnormalities which

are derived on the empty condition

exact definition depends on the strategy
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Reliability and Minimal Abnormality

Oa 1; RC

5

6 O(avVva) 5; RU

7 04 2: RC

8 0O(ava) 7, RU

9 lavld 1,2,4; RU

{#0a A —0a}
{e0a A —0a}
{e0d' A =04’}
{e0a’ A =04’}
0

» Reliability assumption contains a member of a minimal

disjunction of abnormalities = retract
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5

6 O(avVva) 5; RU
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8 0O(ava) 7, RU

9 lavld 1,2,4; RU
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{e0d' A =04’}
{e0a’ A =04’}
0

» Reliability assumption contains a member of a minimal

disjunction of abnormalities = retract

» application context: where conflict is likely to be a sign of
erroneous issuing of norms by the authority
» e.g., authority may have made a mistake in issuing Oa’ (that

explains the conflict)

» there may additionally be a high cost for realizing an erroneous
norm (e.g., a big financial investment)
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Reliability and Minimal Abnormality

v5 Oa 1; RC

6 O(avVva) 5; RU
V7 Oa’ I3 |a/ 2; RC

8 O(a v{{.',}’{' H 7; RU

9 lavld 1,2,4; RU

{#0a A —0a}
{e0a A —0a}
{e0a' A =04’}
{e0a’ A =04’}
0
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Reliability and Minimal Abnormality

v5 Oa 1; RC {#0a A —0a}

6 O(aVva) 5, RU {e0a A —0a}

VT 04 2; RC {e0a' A =04’}
8 0O(ava) 7, RU {e0a’ A =04’}
9 lavld 1,2,4:RU 0

» Reliability assumption contains a member of a minimal
disjunction of abnormalities = retract
» application context: where conflict is likely to be a sign of
erroneous issuing of norms by the authority
» e.g., authority may have made a mistake in issuing Oa’ (that
explains the conflict)
» there may additionally be a high cost for realizing an erroneous
norm (e.g., a big financial investment)
» Minimal Abnormality
» minimal choice sets
» Ais derived “"safely” if for each minimal choice ¢, A is derived
on a condition A such that pNA =0
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Counting Strategy

1

2
3
4

e0a
eOb
eQOc
eOd

PREM
PREM
PREM
PREM

SIS SRS
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Counting Strategy

1

g wWwN

e0a
eOb
eQOc
eOd
O(a D (b A —=cA—d))

PREM
PREM
PREM
PREM
PREM

S e e =
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Counting Strategy

1 «0a PREM 0
2 e0b PREM 0
3 Oc PREM 0
4 o0d PREM 0
5 O(aD (=bA—cA—d)) PREM 0
6 lav!b 1,25, RU 0
7 lavic 1,35 RU 0
8 lavl!d 1,45 RU 0§
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Counting Strategy

e0a
eOb
eQOc
eOd
O(a D (b A —=cA—d))
lav b
laVvic
lav!d
Oa
Ob
Oc
Od

PREM
PREM
PREM
PREM
PREM
1,2,5; RU
1,3,5; RU
1,4,5; RU
1; RC
2: RC
3; RC
4: RC

S o e e S

{1}
{16}
f1c}
{1d}
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Counting Strategy

1 «0a PREM 0
2 e0b PREM 0
3 Oc PREM 0
4 o0d PREM 0
5 O(aD (=bA—cA—d)) PREM 0
6 lav!b 1,25, RU 0
7 lavic 1,35 RU 0
8 lav!d 1,45 RU 0
V9 Oa 1; RC {la}
10 Ob 2; RC {Ib}
11 Oc 3; RC {Ic}
12 Od 4; RC {1d}

» marking like for Minimal Abnormality: just now consider the
quantitatively minimal choice sets

» minimal choice sets (w.r.t. C): {!a} and {!b,!c,!d}
» minimal choice sets (w.r.t. cardinality): {!a}
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Duality between Maximal Consistent Subsets and the
Minimal Choice Sets

e0a, e0b,e0c,e0d,d(a D (—b A —c A —d))
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1. {a}
2. {b,c,d}
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Duality between Maximal Consistent Subsets and the
Minimal Choice Sets

¢0a, e0Ob,e0c,e0d,[(a D (—b A —c A —d))

Maximal consistent subsets: Maximal choice sets:
1. {a} 1. {!b,!c,!d}
2. {b,c,d} 2. {la}

Where O and C are sets of propositional formulas:
» Let T9C = {e0A|Ac OYU{OA| AcC}.
» We say that O’ C O is consistent w.r.t. C iff O’ UC is
consistent.

» O is <-maximally consistent w.r.t. C iff it is consistent w.r.t.
C and there is no O” < @' that is consistent w.r.t. C.
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Note the following duality:
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Duality between Maximal Consistent Subsets and the
Minimal Choice Sets

¢0a, e0Ob,e0c,e0d,[(a D (—b A —c A —d))

Maximal consistent subsets: Maximal choice sets:
1. {a} 1. {!b,lc,d}
/_\
2. {b,c,d} 27 {la}

Note the following duality:

» for each maximal consistent subset O’ w.r.t. C there is a
maximal choice set o of F9C such that O’ = O\ {A||1A € ¢}

» and vice versa

13/29



Theorem
FOC am OA iff A is implied by all C-maximally consistent
subsets of O.
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Theorem
FOC am OA iff A is implied by all C-maximally consistent
subsets of O.

Theorem

FOC aLe OA iff A is implied by all <carq-maximally consistent
subsets of O w.r.t. C.

Definition

A€ Ois free in O w.r.t. C iff A€ O’ for all C-maximally
consistent subsets O’ of O w.r.t. C.

E.g., bis free in O = {a,—a, b} w.r.t. C = 0.
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Theorem
FOC am OA iff A is implied by all C-maximally consistent
subsets of O.

Theorem
FOC aLe OA iff A is implied by all <carq-maximally consistent
subsets of O w.r.t. C.

Definition
A€ Ois free in O w.r.t. C iff A€ O’ for all C-maximally
consistent subsets @' of O w.r.t. C.

Theorem
FOC -aLr OA iff A is implied by the set of free members of O
w.r.t. C.

14 /29



Taking into account implicit obligations
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Taking into account implicit obligations

E.g., ¢O(a A b),e0—a ¥ aL Ob.
> new operator: o characterized by
> If AlcL B then - e0A D cOB.

1 O(aAb) PREM
2 e0-a PREM

=2 =
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Taking into account implicit obligations
E.g., ¢O(a A b),e0—a F¥aL Ob.
> new operator: o characterized by

1
2
3

>

If AFcL B then - e0A S 00B.

¢O(a A b) PREM
OLE! PREM
O(aAb) 1; RC

~ e =

la}

15/29



Taking into account implicit obligations

E.g., ¢O(a A b),e0—a F¥aL Ob.
> new operator: o characterized by
> If AlcL B then - e0A D cOB.

N -

eO(anb)
e0O—a
O(aAb)
Ob

PREM
PREM
1: RC
3;: RU

{la}
{!a}

15/29



Taking into account implicit obligations

E.g., ¢O(a A b),e0—a F¥aL Ob.
> new operator: o characterized by
> If AlcL B then - e0A D cOB.

g w N

eO(anb)
e0O—a
O(aAb)
Ob

O-a

PREM
PREM
1: RC
3;: RU
2: RC

{la}
{la}
{{(=a)}
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Taking into account implicit obligations

E.g., ¢O(a A b),e0—a F¥aL Ob.
> new operator: o characterized by
> If AlcL B then - e0A D cOB.

SOl W N

eO(anb)
JOF]
O(aAb)
Ob

O-a

o0b

PREM
PREM
1: RC
3;: RU
2: RC
1; RU

{la}
{la}
{/(=a)}
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Taking into account implicit obligations

E.g., ¢O(a A b),e0—a F¥aL Ob.
> new operator: o characterized by
> If AlcL B then - e0A D cOB.

1 eO(anb) PREM 0

2 e0-a PREM ()

3 O(anb) 1; RC  {la}

4 Ob 3; RU  {la}

5 O-a 2; RC {!(—a)}
6 o0b 1; RU 0

7 Ob 6; RC  {{b}

tb = 0Ob A ~Ob?



Taking into account implicit obligations

E.g., ¢O(a A b),e0—a F¥aL Ob.
> new operator: o characterized by
> If AlcL B then - e0A D cOB.

[y

O OO ~NOOL P WN -

eO(anb)
e0O—a
O(aAb)
Ob

O-a

o0b

Ob

O(aV —b)
O(—aV —b)
O-b

PREM
PREM
1: RC
3;: RU
2: RC
1; RU
6;: RC
1: RC
2;: RC
8

0

0

{1a}

{1a}

{1(=a)}

0

{1b}

{H(aV -b)}
{H(~a v —b)}

,9; RU  {f(aV —b),t(—aV b



Taking into account implicit obligations

1 «O(aAb) PREM 0
2 e0-a PREM 0
3 O(anb) 1; RC {la}
4 Ob 3 RU {13}
5 O-a 2; RC {!(—a)}
6 oO0b 1; RU 0
7 Ob 6; RC  {{b}
v8 O(aV-b) 1, RC  {i(aVv-b)}
v9 O(—aV -b) 2, RC  {f(—aVv-b)}
/10 0-b 8,9; RU {t(aV —b),f(=aV —b
11 tbVvi(av-b)Vi(-av-b) 12;RU 0
12 (aAb)Vi-a 1,2, RU 0
13 faVi—a 1,2, RU 0
14 f(aVv —b)V i(—aV -b) 13; RU 0
> 1V, A) = (c0V, A A0V, Aj) v Vozic (cOV, A A-OV,A))
> eg.,

t(av—b) = (0O(aV-b)A—-0(aV—b))V(cOaA=0a)V(cO—bA=0O-b)
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Permissions

» add new connective P
» besides the former abnormalities add {ePA A =PA}
» or the more complicated

{(OP \// Ai N =P \// Ai) v \/(Z);AJC/(OP VJ Aj AP VJ Aj)} in
combination with

If AlcL B, then e PAF oPA.

1 eP(aAb) PREM
2 e0—a PREM ()
3 oPa 1;: RU 0
4 oPb 1; RU 0
5 00-a 2: RU 0
6 (0c0—-a A =0-a) V (cPa A 35 RU 0
—\Pa)
7 l1-av(eP(anb)A—-P(anb)) 1,2, RU 0
8 Pb 4 RC  {oPbA—Pb}
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Excursus: Discussive Context and Rescher-Manor
Consequence Relations

» Discussant 1 states: a
» Discussant 2 states: —aV b
» Question: should we derive b?

» Problem: Discussant 2 may not agree with/support a but
nevertheless not state —a (e.g., due to lack of knowledge)

» in our framework this can be expressed (under different
readings of O and P)

» Discussant 1: eOa (she explicitly supports a)

» Discussant 2: eO(—aV b) (he explicitly supports —a V b)

» Discussant 2: eP—a (he explicitly states lack of support for
—a)

» we get: O(—aV b) (e.g., “maV b is supportable for all
discussants”)

» but not Ob.

17/29
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Introducing Indexes

» instead of e [o] we use e; [o;] where i € | for some index set /
» Various interpretations possible

» ¢,0a “Authority i issues obligation a"
» ¢;0a "An authority of importance / issues an obligation”
» ¢;0a "The obligation a was issued at time point /."

18/29



i indicates a specific authority

» abnormalities: Q = J, Q; where Q; = {¢;,0A A=A}

19/29



i indicates a specific authority
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i indicates a specific authority

» abnormalities: Q = J, Q; where Q; = {¢;,0A A=A}

> eg.,

*;10a,
.2037
*30a,
040—|a

l_ALC Oa
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i indicating time

» use lexicographic/reverse-lexicographic ALs

1 e;0(anc) PREM
2 e,0-a PREM ()
3 e30b PREM ()
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i indicating time

» use lexicographic/reverse-lexicographic ALs

¢;:0(anc)
020—\8

030b
HaAc)VI?-a
010a

OloC

020—\3

ttav 12-a

O ~NOOC1T B WN -

where /A =4 0;,0A A —~0A

PREM
PREM
PREM
1,2; RU
1; RU
1; RU
2; RU
57; RU

S e o Se =
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i indicating time

» use lexicographic/reverse-lexicographic ALs

1 e;0(anc) PREM

2 e0-a PREM ()

3 e30b PREM ()

4 MaAc)Vv!?-a 1,2, RU 0

5 010a I,RU 0

6 OloC 1; RU (Z)

7 020—\3 2; RU @

8 flavi?-a 57 RU 0

9 O-a 2; RC {1?-a}
V10 O(aAc) L;RC  {Manc)}
V11 Oa 5, RC  {{la}

12 Oc 6; RC  {flc}

13 Ob 3;RC  {13p}

Concerning the reverse-lexicographic order on Q2, {I1(a A ¢), 'a}

is the minimal choice set at this stage.
20/29
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i indicating the degree of authority
I

» Suppose we have: ;10a, ;4,0—a, ¢,,0b, ¢;30V/,
¢;5O0c, 0~ (bAY).

» minimal disjunctions of abnormalities:

» gy 14—,

> !i2b\/ !i3b/
» choice sets: partial order on | imposes partial order on Q2

{!ila,!i2b} {!ila,!i3b’}
| >

{!i4ﬁa7 !I'Zb} {!i4_|a, !i3b/}
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i indicating the degree of authority
I

5 C

/|4 9|—\a

2 i3 Ob< oot ~0p
i1 Oa

» Suppose we have: ;10a, ;4,0—a, ¢,,0b, ¢;30V/,
.,‘5OC, ‘:’_\(b A b,)
» minimal disjunctions of abnormalities:
L AVALE
> !i2b\/ !i3b/
» choice sets: partial order on | imposes partial order on Q2
{!ila,!i2b} {!ila,!i3b’}
{!i4ﬁa7 !I'Zb} {!i4_|a, !i3b/}
» we get: Oa,O(bV b'),0c
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More complex combinations

> ,'OJ'OA
» | indicates time

» j indicates the degree of authority
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The dyadic case: lllustration of the main idea

Factual Input Conditional Input Constraints
Al OO(Al, Dl) |:|Cl

eO(Az, Dy) oG

¢O(As, D3) 0G
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OG
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Lower Limit Logic

» mostly as for the monadic case

» detachment principle:
F(AANO(A,B)) D OB
» some axioms characterizing O(A, B) such as:

- O(A,B) AO(A, B) D O(AV A, B)

24/29



Simple example for reliability

[ =

{il A ip, i3, OO(il, an b), OO(iz, —a N b), OO(i3, C), O(il, —|d), Dd}.

1

bW

A

i

i3

eO(i1,a A b)
OO(I'Q,ﬂa/\ b)

PREM
1: RU
PREM
PREM
PREM

0
0
0
0
0
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Simple example for reliability

[ =

{iL A\ ip,i3,00(i1,a A b),e0(ir,7a A b),e0(i3, c),e0(ir,~d),Od}.

1

SOl WwWwN

A

n

i3

eO(i1,aNb)

00([2,—\3/\ b)

\(ir, 2 A b) V (ip, =2 A b)

PREM 0
1; RU 0
PREM 0
PREM 0
PREM 0
1,45 RU 0
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Simple example for reliability

M=
{il A ip, i3, OO(il, an b), OO(iz, —a N b), OO(i3, C), OO(il, —|d), Dd}.
1 1 Ab PREM 0
2 i 1; RU 0
3 i PREM ()
4 eO(i1,a N b) PREM 0
5 e0(in, ~a A b) PREM 0
6 (i, aAb)VIi(n,—anb) 145 RU 0
67 O(ir,a N b) 4;RC {{(i,anb)}
68 O(aAb) 2,4; RC {{(h,aNb)}
9 «O(is, ¢) PREM

10 Oc 3,9; RC {I(i3, )}
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Simple example for reliability

[ =
{il A ip, i3, OO(il, an b), OO(iz, —a N b), OO(i3, C), OO(il, —|d), Dd}.
1 1 Ab PREM 0
2 i 1; RU 0
3 i3 PREM 0
4 eO(i1,a N b) PREM 0
5 e0(ip,maAb) PREM 0
6 !(i,anb)V!(i,maAb) 1,45 RU 0
67 O(ir,a N b) 4;RC {{(i,anb)}
68 O(aAb) 2,4; RC {{(h,aNb)}
9 0O(f3,¢) PREM 0
10 Oc 3,9; RC {{(i3,¢c)}
11 eO(i1,~d) PREM 0
12 O—d 2,11; RU  {!(h,~d)}
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Simple example for reliability

[ =

{il A i2, i3, OO(il, an b), OO(iz, —a N b), 00(1'37 C), OO(il, —|d), Dd}.

1

SO WwWwN

67

10
1511
12
13
14
15

A

i

i3

eO(i1,a N b)
OO(I'Q,ﬂa/\ b)
W(i,a A b)V I(i,maAb)
O(il, an b)
O(a N b)
00([3,C)

Oc
¢O(i1,d)
O—d

Od

-0-d

(i1, ~d)

PREM
1: RU
PREM
PREM
PREM
1.4,5; RU
4:RC
2,4; RC
PREM
3,9; RC
PREM
2,11; RU
PREM
13: RU
1,11,14; RU

0
0
0
0
0
0
{!(i1,a A b)}
{!(il,a/\ b)}
0
{
0
{
0
0
0

(i3, ¢)}
(i1, —d)}

25/29



Excursus: Input/Output logics

26/29



Naive approach to produce output

out(G, A) = Cn{B | for some A € CncL(A),(A,B) € G}
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a, | ,a—b b
cANe | > C —

9 é d d

fDq e CnCL — e = f f
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facts classical closure trigger + detach output
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Naive approach to produce output

out(G, A) = Cn{B | for some A € CncL(A),(A,B) € G}

a, | ,a—b b
cAhe, c é» c—d d c
fog (—| Y@t /e f f ncL
facts classical closure trigger + detach output

Problem: conflicting output (i.e., conflicting obligations or
conflicting with constraints)

27/29



» we have representational theorems for all the 8 standard
[/O-systems with constraints

> hence, we provide a proof theory for 1/O-logics
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Summary

Obligations
~ Facts | =
translate Constraints

/

eOA adaptively actualize
“as much as possible”

» adaptive strategies disambiguate this

What are the
“actual” obligations?

» more or less cautious variants
» monadic or dyadic variant

» various strengthenings and enhancements (time, degree of
authority, etc.)

» representational theorems for approaches ala Rescher/Manor,
Horty, and 1/O-logic with constraints
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