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A Preamble

@ S4 relates to /L via necessity as provability;

@ There are both Kripke and categorical semantics from K to
Constructive S4, see e.g. [Bierman and de Paiva, 1996],
[Bellin et al., 2001], [Alechina et al., 2001];

@ Less work has been done on the contextual notion of derivability,
see e.g. CK in [Mendler and de Paiva, 2005], type-theoretical
style in [Pfenning and Davies, 2001] or the Al-related notion e.g.
[McCarthy, 1993];

@ What interpretation of possibility ?

G. Primiero (Ghent University) Contextual Computations CiE12 2/14



The Interpretation

We interpret modalities w.r.t. global and local computations:

@ “Ais true”is necessary if and only if a computation for A is
globally valid, i.e. valid under no specific context:

O(A true) < ((0)A)

© “Ais true” is possible if and only if a computation for A is locally
valid, i.e. valid under some specific context:

O(A true) < ((N)A)

G. Primiero (Ghent University) Contextual Computations CiE12 3/14



E ver

A standard intuitionistic semantics for non-modal formulas:

L :=¢|T|L|-A|ANB|AVB|A>B.

C1"¥ Ki¥ Land KiE T;

C2¢ for all ¢, K; E ¢ iff (¢, V(K;));

C3"¥ Kir AV BIiff Kik Aor K E B;

C4"" KiE AABIff Ki= Aand K; E B;

C5" K E AD Biff Ki E Aimplies K; = B;
C6"" Ki F —-Aiff VK; > Kj, itholds KiF AD L.
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Ecz‘x

Formulas valid under uncertain or unverified information by a
modal language that contains both empty and non-empty
contexts;

a context is given as a set of non-verified formulas, admissible in
view of missing refutation:

G. Primiero (Ghent University) Contextual Computations CiE12 5/14



[, ctx

Formulas valid under uncertain or unverified information by a
modal language that contains both empty and non-empty
contexts;

a context is given as a set of non-verified formulas, admissible in
view of missing refutation:

Definition

For any K; € K, an informational context I : V — W for K; consists of
a finite set of injective functions 1,72, ..., v, such that v; .= x; — A;.
We then say that the truth of A; is admissible in K; if Ky, ¥ —A; for all
Kh < K.

CiE12 5/14
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Ectx

L% .= ¢|T|L|AANB|AVB|ADB|OA|CA

The notion of a model for £ is formulated by modifying the
definition of a model for £¢" with the newly defined order among
knowledge states:
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[, ctx

L% :=¢|T|L|ANB|AVB|A> B|OA|CA

The notion of a model for £ is formulated by modifying the
definition of a model for £¢" with the newly defined order among
knowledge states:

Definition

A model for £ is a tuple M°* = {K, <7, v}, where K is a nonempty
set ranging over {(MNK;, (IM)Kj,...}; <" is a reflexive ordering relation
over members of K such that if (M K;and ' C.. I, then

(NK; <" (I")K;; v is a verification function v : K +— 2"V,

G. Primiero (Ghent University) Contextual Computations CiE12 6/14



L% valuation

Ais a consequence of knowledge state K; in the context of unverified
information I':

C1¥ K EN ¢ iff (o, v((NK?));

C2o% K; T L iff (A, v((NK;)) and Kj, E? A, for some K, <" K;;
C3* K, =" Av Biff KiE" Aor K; E" B;

C4* K=" AABiff K ET Aand K; E" B;

C5%* K; " A D Biff K; ET Aimplies K; " B;

C6°X K; ET DA ff for all (I")K; >7 (1)K, it holds K; E™7 A;
C7°* K; E" OAiff there is a (I")Kj >7 (I')K; such that K; ™7 A.
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L°%: modal context

We extend modalities to context:

@ a global context is such that all of its information remains valid in
all extensions of the given context:

Definition

Or is called a global context for K; iff for all v; := x; — A;jin T and all
" DT itholds K™ A,
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L% modal context

We extend modalities to context:

@ a global context is such that all of its information remains valid in
all extensions of the given context:

Definition

Or is called a global context for K; iff for all v; := x; — A;jin T and all
" DT itholds K™ A,

@ a local context is such that at some of its information remains
valid in one extension of the given context:

Definition
Or is called a local context for K; iff for some ~; := x; — A; in T, there
isal’ DT suchthat ™ A.
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L glob

Let us consider our language £ restricted to the set of formulas
L£900: {A|EPT A}; E 000 Will be therefore the consequence relation
construed by the satisfaction clauses of £¢* with only global contexts;

C19b K; =0T ¢ iff for every 7, it holds K; £ ¢;
nglob K/ ':DF T;

C39%b K. =0T Av Biff K; EPT Aor K EPT B;
C490 K =T A A Biff K; EPT Aand K; EPT B;
C59°0 K =P A > Biff K EPT A implies K; 7" B.
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£9°0 and local consequence

Theorem

Forevery Ae W, E oo A iffEgy A

=] 5 = E DAy
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£9°0 and local consequence

Theorem
Forevery Ae W, E oo A iffEgy A

Definition

For every A c W, K; E°T Aiiff for some ~ it holds K; E™7 A. We
denote by E°T A a semantic consequence of every K; with local
context OT.
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Calculus cKToo

AXIOMS

Axioms of IPL

Ko O(A>B) > (DAD>OB)
Ko O(AD B) D (CAD OB)
To OADA

T<> ADOCA
RULES

Modus Ponens

Uniform Substitution

Nec9/ob FOr A= Or-oA
Weak9'ob or-A= oOr,r-A
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Characterization and Decidability

Theorem

For every set of formulae " and formula A, it holds T =ckr,, , A iff
either E? AT > A, orPT A, or °T A.
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Characterization and Decidability

Theorem

For every set of formulae " and formula A, it holds T =ckr,, , A iff
either E? AT > A, orPT A, or °T A.

Theorem (Decidability)

L£9°? js the language of the decidable fragment of the theory cKTq o
whose class of models is reflexive and transitive.
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